We study buoyancy driven convection in a laterally heated and two dimensional cavity under a uctuating acceleration eld, to model ow conditions in a microgravity environment. In the limit of a large aspect ratio cavity, (the length in the direction perpendicular to the temperature gradient is much larger than in the parallel direction), an analytic solution can be found in which the ow reaches a statistical steady state of zero average vorticity and mean squared vorticity that scales as the stochastic Rayleigh number squared R 2 , with R = T d 2 p 2G 2 = p . is the coe cient of thermal expansion of the uid, T the temperature gradient across the cavity, d its length in the direction of the gradient, G 2 the intensity of the uctuations, their correlation time, the thermal di usivity and the kinematic viscosity of the uid respectively. We also present the results of a full numerical solution of the Navier-Stokes equation for a uid driven by a uctuating acceleration eld in a square cavity, and con rm the scaling of the ow obtained in the asymptotic analysis.
I. INTRODUCTION
Interest in ow induced by low amplitude unsteady accelerations is a result of e orts to perform uid physics or materials processing experiments in a weight-less environment.
Orbital platforms, such as NASA's space shuttle or the proposed space station, serve as the testing ground for many concepts and techniques which will later serve as a basis for orbital based manufacturing and other scienti c endeavor. These orbital platforms manifest extremely low amplitude accelerations, known as g-jitter, and it is expected that future platforms will as well. In light of this, e orts to measure and analyze the acceleration environment, to understand its acceptable limit parameters and to develop isolation units are well under way. Multiple origins of the uctuating acceleration are evident: thruster ring, crew motion, onboard machinery and atmospheric drag contribute signi cantly. One perspective is that these forces induce structural vibration modes of the platform which are then felt at the experiment site. Several e ects such as damping and nonlinear mode coupling alter the frequency content of the original disturbances. A single vibration frequency may be spread over a wider range, causing a narrow peak in a power spectrum to become broad. Furthermore, the forces ultimately responsible for the disturbances occur at essentially random times and are of random amplitude. Overall the typical frequency spectrum measured during various space shuttle missions is broadband. At low frequencies typical Fourier amplitudes are 10 ?6 g E , increasing to a maximum on the order of 10 ?3 g E at higher frequencies. The e ect on experiments of such unsteady residual accelerations is largely an open question.
In this paper we study primarily the e ects of a stochastic residual acceleration on buoyancy induced ow in a laterally heated cavity. In this con guration, ow is induced by the component of the acceleration vector that is perpendicular to the imposed temperature gradient across the cavity. For simplicity, we restrict our analysis to a two dimensional con guration. This is a good approximation to a three dimensional ow if the length of the cavity in the direction perpendicular the plane de ned by the acceleration and gradient directions is su ciently large. Although our calculations involve idealized conditions, and hence do not directly simulate a particular materials processing experiment, we expect our results to capture many elements relevant to situations such as convection in a directional solidi cation cell, for example.
There has been considerable study of natural convection in the con guration considered here, both analytical and numerical. Some of the earliest workers in this eld investigated the scaling behavior of the ow and performed calculations when it was analytically tractable. 1?3 A large number of papers exist which study the ow numerically, to the extent that cavity ow has become a benchmark problem for computational uid dynamics techniques. 4?9 Flow regimes can be characterized by three independent dimensionless groups: the Rayleigh number Ra, Prandtl number Pr and the aspect ratio of the cavity A (length of the conducting walls over the length of the adiabatic walls). At su ciently low values of Ra, the asymptotic convective ow is time independent (e.g., Ra < 1:8 10 8 for A = 1 and Pr = 0.71). The spatial structure of the steady regime, however, undergoes signi cant changes as the Rayleigh number is increased, with detailed features of the ow depending on the Prandtl number of the uid and the aspect ratio of the cavity. The convective ow at the lowest end of Rayleigh numbers is a simple circulation over the entire cavity (for Ra < 10 3 in cells of A = 1 and Pr = 0.71, and for Ra < 3 10 5 in A = 30 and Pr = 10 3 ). An increase in Rayleigh number results in the formation of boundary layers near the conducting walls. Inside the cavity, large amplitude stationary waves and recirculating regions near the departing corners of the conducting walls develop for A = 1. In the large aspect ratio case, secondary ows leading to a cellular structure are observed at Ra = 3:6 10 5 . Further increase in Ra leads to a decrease in the wavelength of the secondary ows and more cellular regions become visible. There also exists work considering the e ect of an unsteady acceleration on cavity ow. 10?16 In most of these studies, the unsteady acceleration is modeled by a periodic function of time or, alternatively, by a sequence of isolated pulses of short duration. Within the Boussinesq approximation to the Navier-Stokes equation, the coupling between the acceleration eld and the density is nonlinear. Thus it is not clear whether studies in which the acceleration eld is approximated by a single or a few periodic components of its frequency spectrum will yield an adequate representation of the actual ow eld in realistic microgravity conditions. Here we adopt what is arguably a more realistic approach and model the acceleration as a stochastic process in time. We note, however, that even though we model acceleration by a random function that includes a broad distribution of temporal Fourier components, in the parameter range we consider in this paper the density distribution can be well approximated by a linear function of position. Hence, we have not fully addressed the e ect of the nonlinear coupling either.
In previous work 10 , we studied the onset of natural convection in a square cavity from a quiescent state, after the acceleration eld is turned on. We argued that for a deterministic, single mode acceleration, the ow eld saturates to a constant amplitude, even in the absence of viscous damping. In the stochastic case, however, and in the absence of viscous damping, the mean squared velocity in the cavity increases linearly with time. Here, we extend our previous work in two directions. First, we consider spatial and temporal degrees of freedom by examining the limit of long aspect ratio cavities. Second, we present a detailed analysis of the ow saturation. The random nature of the acceleration eld induces a novel scaling for the (statistically) steady ow. The magnitude of the ow eld is not given by the classical Rayleigh number, but by a modi ed stochastic Rayleigh number. The ow scaling predicted in the asymptotic analysis is veri ed for the case of a square cavity by direct numerical solution of the full Navier-Stokes equation.
The con guration studied in this paper is essentially that of standard cavity ow: a Boussinesq uid is enclosed in a laterally heated, two dimensional cell of x-dimension d and aspect ratio A = h=d. The boundary conditions are zero velocity at all the cavity walls, constant temperature at the two heated walls and zero normal gradient on the other two walls (see Fig. 1 ). The initial condition hasṽ = 0 everywhere and a uniform temperature gradient across the cavity. At times t < 0, the acceleration is zero and it is turned on at t = 0. We only consider in our study an acceleration eld perpendicular to the imposed temperature gradient. Although an acceleration parallel to the temperature gradient can induce ow, in the context of the values of the parameters studied in this paper these e ects have been neglected. Indeed, for the component perpendicular to the temperature gradient there is no nite convection threshold: any acceleration will induce ow and there is no stationary state with zero velocity.
II. ANALYTIC RESULTS
Some general features of the ow that result from the stochastic nature of the acceleration eld can be obtained analytically in some limiting cases. First, the limit of long aspect ratio is considered, with ow driven by acceleration elds modeled by either monochromatic or white noises. As discussed further below, individual realizations of monochromatic noise are periodic functions of xed frequency, but random amplitude and phase. This case is akin to more traditional studies in which the acceleration eld is modeled by a deterministic periodic function. White noise, on the other hand, has a constant frequency spectrum. The main result of our calculations in this section is that the vorticity at the center of the cavity averages to zero, and its variance is proportional to a stochastic Rayleigh number that we introduce. In subsection B, a more realistic random process for microgravity conditions (narrow band noise) is introduced. The ow is further simpli ed in this section in order to study the dependence of the ow on two parameters of the noise: its characteristic frequency and its correlation time.
A. Asymptotic Analysis
We consider rst analytic solutions of the uid ow induced by a uctuating acceleration eld, in the limit of a large aspect ratio cavity. When A l=d 1 (see Fig. 2 ), and far enough away from the end boundaries (along the smaller dimension), the velocity and temperature elds are uniform along the y-direction. For the case of constant acceleration eld, this approximation is essentially exact 17 for Rayleigh numbers Ra < 10 3 . We then writeṽ = (u; v) = (0; v(x)) and T = T(x). Furthermore, since 
This is a general result where the form of the acceleration has not yet been speci ed. Ra = Td 3 g 0 ; Pr = : (6) In the limit as t ! 1, the exponential term vanishes leaving a Fourier series for v(x). This series can be summed to give, v(x; t ! 1) = Ra 6 x x ? 1 2 x + 1 2 ;
which is identical to Batchelor's result 1 for the steady-state asymptotic ow in a large aspect ratio cavity. It is important to note here that the scale of the dimensionless velocity is given by the Rayleigh number.
Consider next a sinusoidal variation of the acceleration eld,
This case is useful to consider in itself since it leads to two di erent qualitative limits depending on whether the response of the uid is overdamped or underdamped. Substitution of Eq. (8) 
In Eq. (10) each mode v n has phase lag and amplitude which depends on n. We can examine two limits of the previous equations: Re 1 (overdamped limit) and Re 1 (underdamped limit). In the former case, n = for all n, and the resulting velocity pro le is, v(x; t) = Ra 6 cos( t + )x x ? 1
This is identical to the result in Eq. (7) for a constant acceleration eld, but modulated by cos( t + ). In the opposite limit (Re 1) n = + 2 and the form of the velocity pro le is given by, v(x; t) = ? Ra 2 cos t + + 2 x (13)
In the limit Re 1, the viscous boundary layer has penetrated to the saturation limit as determined by the e ect of a constant acceleration. That is, the extrema of the velocity pro le occur at x = q 1 12 ' 0:289. The amplitude is not a function of Pr or the angular frequency and is determined by Ra alone. Furthermore, the velocity eld is in phase with the acceleration eld. In the opposite limit, Re 1, the viscous boundary layer is negligibly thin (of the order of 1= p Re), the amplitude of oscillation is inversely proportional to Re, and there is phase lag between the velocity and acceleration elds of 2 . In both cases, the scale of the dimensionless velocity is set by the value of Ra.
Random Acceleration
In this section, we model g-jitter as a stochastic process in time. We consider a particular
Gaussian random process known as narrow band noise de ned by, hg(t)i = 0; hg(t)g(t 0 )i = G 2 e ?jt?t 0 j= cos (t ? t 0 );
where the average is taken over an ensemble of realizations of the noise. is a characteristic angular frequency de ning the center of the spectral distribution, is the coherence time determining the width of the distribution, and G 2 is the intensity of the uctuations. This choice is motivated by actual power spectra of the residual acceleration eld onboard Space Shuttle during microgravity missions. From a theoretical point of view, this type of noise permits interpolation between the limit of white noise (in which no frequency component is preferred), and monochromatic noise (similar to a deterministic description). The white noise limit is obtained when ! 0 while G 2 = D remains nite, whereas the monochromatic limit is approached as ! 1 with G 2 nite. In this latter case, the time over which g(t) remains coherent approaches in nity. Typical values of G in microgravity are G 5 10 ?4 g E , where g E is the intensity of the gravitational eld on the Earth's surface, 1s and the angular frequency ranges from 2 s ?1 to 100 s ?1 .
Although an explicit solution to Eq. (2) for narrow band noise can be found, the resulting expression is quite complicated, and provides little insight into the e ect of the stochastic acceleration on the uid response. We concentrate rst on the limit of white noise, and postpone the analysis of narrow band noise to the next section. Gaussian white noise is 
We now substitute Eq. (15) Fig. 5 .
In summary, under a deterministic forcing, either constant or periodic, the maximum value of the velocity eld is proportional to the Rayleigh number. In the stochastic case, however, the mean velocity is zero at all times, and the root mean squared value is proportional to R de ned in Eq. (19).
B. Single Mode Description
For more complicated choices of the stochastic acceleration eld, the saturation value of the mean squared vorticity depends explicitly on the parameters of the noise. In order to display this dependence clearly, we consider here the case of narrow band noise and further simplify the description of the ow. In a su ciently large cavity, and if the temperature distribution is not signi cantly a ected by the ow, the vorticity in the central region of the cavity will be almost uniform and satisfy,
This equation can be integrated to obtain, 
III. NUMERICAL RESULTS
We now turn to the results of a numerical solution of the incompressible Navier-Stokes equation for cavity ow driven by narrow band noise. We wish to test the scaling predicted by Eq. (28) when no simpli cations or assumptions are made regarding the ow. We consider the coupled Navier-Stokes and heat transport equations in the Boussinesq approximation, with boundary conditions appropriate for cavity ow (Fig. 1) . 
A. Long aspect ratio cavity
We have rst studied the ow in a large aspect ratio cavity to validate the accuracy of the numerical algorithm. At the lower end of the range of Reynolds numbers considered, the velocity eld changes smoothly across the cavity. At larger Reynolds numbers, a thin boundary layer of width 1= p Re develops at the walls that needs to be resolved in order to properly account for the contribution from viscous dissipation to saturation. The numerical di culty is somewhat alleviated by the fact that the velocity eld averages to zero, and its mean squared value decreases as 1=Re for large Re. We have checked that the algorithm reproduces the asymptotic solution for a deterministic, sinusoidal acceleration, both at low and relatively high Reynolds number, and for white noise. In this latter case, there is a very broad spectrum of frequency components that contribute to the ow.
First we examine the limit of moderate Reynolds number. In Fig. 3 , the analytical and numerical solutions are compared for three particular times. This example is of extremely low Rayleigh number and relatively large Prandtl number with a dimensionless angular frequency of 1:4 10 4 . Figure 3a shows the time at which the maximum velocity is attained, whereas gures 3b and 3c show other intermediate times. One interesting features of these pro les is the observation that the boundary layer ow actually precedes in phase the ow in the bulk. Figure 4 shows pro les for a di erent set of parameters (Ra=10 5 , Pr=70 and = 1:4 10 5 ) chosen so that the velocity pro le is that of a sawtooth, as was predicted for large forcing frequencies. The numerical solution also agrees with the asymptotic analysis. We note, however, that since the Reynolds number is quite high, the acceleration induces a ow several orders of magnitude less than one would expect for the large Rayleigh number used.
This can also be seen from the scaling of Eq. (12).
We next turn to a stochastic forcing, and consider the case of white noise in the large aspect ratio limit. Figure 5 shows the second moment of the velocity in the cavity, hv 2 i=R 2 .
As discussed above, the average has been computed over a sample of 20000 time steps once the velocity eld has reached saturation in s statistical sense. Again, the numerical simulation is in good agreement with the asymptotic analysis.
B. Square cavity
Finally, we have studied numerically the saturation of the ow in a square cavity under the in uence of narrow band noise. The range of parameters of the uid and of the noise considered have been chosen to represent typical uids and microgravity conditions, while being consistent with the condition that the temperature eld is not appreciably distorted by the ow. In this limit we are primarily interested in the mechanical response of the uid to a random acceleration with small or negligible convective transport. It is only in this limit that we have been able to obtain some analytic understanding of stochastic e ects on the ow. We do plan, however, to extend our analysis to other more complex cases in the future. For each of the parameter values described below, 50 ow simulations with independent realizations of narrow band noise were averaged.
Our results were analyzed in terms of both the vorticity and the stream function at the center of the cavity. Both exhibit similar trends, and we show here only the values of the vorticity. In Fig. 6 we illustrate the tting procedure used to obtain the saturation 
IV. SUMMARY
The analysis of cavity ow in a long aspect ratio clearly describes the ow with some accuracy, if the rate of ow is less than that which induces the \cat-eye" instability described by Elder 17 . The agreement between the numerical solutions of the full Navier-Stokes equations and the analytic solution veri es that the grid size used in our solutions is adequate to capture most of the details of the ow. Even at large Reynolds number, since the ow velocity scales like Ra=Re in the deterministic case, the grid that we have used is enough to resolve the boundary layer at the walls.
The qualitative behavior of the ow under a sinusoidal acceleration in the long aspect ratio limit is quite interesting. Since the evolution of each spatial mode is independent in this limit, the e ect of the phase di erences between the modes becomes evident: for very low frequencies (Re 1) and very high frequencies (Re 1) all spatial modes remain in phase, and time variation is essentially one of amplitude. These two situations are distinct, however, since for the low frequency, all modes are in phase with acceleration, while for the high frequency, there is a phase lag of 2 . In the transition from one extreme to the other, modes of di erent spatial frequency develop phase relationships depending on the angular frequency of the acceleration and on the wavenumber n of the spatial mode. The most interesting result of this is that at some points in the period of oscillation, the ow along the boundary layer actually precedes the ow in the center of the cavity, giving rise to the interesting velocity pro les seen in Figs. 3b,c.
For a deterministic acceleration, the ow will reach a steady state, be it constant ow, as obtained for constant acceleration, or oscillatory ow, as obtained for a sinusoidal acceleration, in times which scale like the Prandtl number. The magnitude of the ow velocity scales with the Rayleigh number Ra. For the stochastic case, however, the time required to reach saturation is still proportional to the Prandtl number, but the saturation velocity averages to zero and has a standard deviation around this mean proportional to the stochastic Rayleigh number de ned in Eq. (19) . This scaling has been con rmed numerically in the case of a square cavity and is depicted in Fig. 7 .
We expect that our results describe many of the qualitative features of g-jitter induced convection in more realistic situations. For example, Eq. (24) captures the main features of the ow obtained in the numerical calculations of Alexander et al. 13 who studied the onset of natural convection in cells appropriate for crystal growth by the Bridgman-Stockbarger method. In this latter case, of course, there is coupled transport of mass and heat, and more complicated boundary conditions both at the walls of the cavity and at the crystal-melt interface. At large values of Re 5000, the maximum uid velocity predicted by Eq. (24) agrees with the simulations. They further observed a phase di erence of =2 between g(t)
and (t), as predicted. As expected, our predictions become less accurate for smaller values of Re. At Re 5, our prediction for the maximum ow velocity overestimates the simulation by a factor of 2, although we agree with the simulations in that g(t) and (t) are almost in phase.
We nally note that the scaling predicted in this work applies to the regime in which there is no appreciable convective transport, either for large aspect ratio cavities, or when =Pr = 1=Re 1. The reason why this limit has been addressed rst is the simplicity of the ow that has allowed us a fairly complete analytic study. The main focus of the study has been on the mechanical response of a uid subject to a uctuating acceleration, setting aside further complications due to transport. Thomson and Viñals, Fig. 7 
